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Derivation of the joint density of states, equation (8) in the main manuscript
Equation (4) in the main article is
Considering a direct transition (no change in the crystal momentum between the initial, ki, and final states, kf), the perturbation matrix element between the corresponding states is then effectively independent of the k-vector within the BZ, and can be taken outside the integral to obtain
gvc(ħω) is here the joint density of states. Evaluation of the integral in (S3) can be performed by using the integral properties of the delta function
with f(x 0 )=0 and a<x 0 <b. To ensure that f(x 0 )=0 in the interval [a,b] . A constant energy different surface between S and S+dS (between the valence and conduction band), valid at each k-point in the Brillouin zone have to be contructed with dk=dSdk n where dkn is a wave vector normal to S. Since | k E|=dE/dk n , the constant energy difference can be expressed as
Utilizing dk in (S3), (S4) and can be calculated if the functional form of Ec and Ev is known. Close to the band edges, the band structure energy can be expanded (with a truncation after the second order term ) as
where k is the crystal momentum, k0 is the crystal momentum at the band edge at the Γ-point Ev is the valence band energy, Ec is the conduction band energy, and  is the crystal momentum in reciprocal space for two linear independent directions, α and β. For isotropic parabolic dispersion close to the band edges, the electrons and holes can be described by a constant direction-independent parameter the effective mass), where the electrons and holes are described as effectively free carriers close band edges via
with notations taken from the main article. Utilizing equation (7) 
Which is equation (8) in the main article.
Justification:
A justification of eqn (S13) can be done by reformulating the density of states on the energy scale, g (E) , from the definition g(E)dE=2g(k)dk where a factor of 2 is introduced from the two electron spins allowed for each k state. This gives g(E)=2g(k) / (dE/dk) where dE/dk is the E-k dispersion curve valid under isotropic bands. The number of states per unit volume in k-space is 1/2 3 for the incremental volume between k and k+dk (4k
